We study the time evolution of the Casimir-Polder force acting on a neutral atom in front of a perfectly conducting plate, when the system starts its unitary evolution from a partially dressed state. We solve the Heisenberg equations for both atomic and field quantum operators, exploiting a series expansion with respect to the electric charge and an iterative technique. After discussing the behaviour of the time-dependent force on an initially partially-dressed atom, we analyze a possible experimental scheme to prepare the partially dressed state and the observability of this new dynamical effect.
I. INTRODUCTION
According to quantum electrodynamics, the electric and magnetic fields show unavoidable fluctuations around their average values, even in the ground state of the field [1, 2] . This feature gives rise to many physical phenomena such as the existence of a force between a couple of electrically neutral but polarizable objects. The existence of this kind of forces was first remarked by Casimir in 1948 for two parallel, neutral and perfectly conducting plates [3] , and by Casimir and Polder for a neutral atom in front of a plate as well as between two neutral atoms [4] . The force between an atom and a surface, which is the main topic of this paper, has been measured with remarkable precision, notwithstanding the smallness of the force, using different techniques: deflection of atomic beams sent in proximity of surfaces [5] , reflection of cold atoms [6] [7] [8] . More recently, BoseEinstein condensates were exploited to obtain more precise measurements of the atom-surface force, using both reflection techniques [9, 10] and the observation of centerof-mass oscillations of the condensate [11] [12] [13] [14] .
The inclusion of dynamical (time-dependent) aspects in the system can considerably change the physical nature of the observed phenomena. When dealing with the dynamical Casimir-Polder effect, it is worthwhile distinguishing two different possible realizations of the dynamics. A first important situation to consider is the mechanical movement of the bodies of the system: in this case the emission of real photons can take place, having its dissipative counterpart in a friction force acting on the moving objects. This idea was first brought to attention in the pioneering works of Moore [15] and Fulling and Davies [16] , and then it paved the way to a remarkable amount of theoretical work (see [17] and references therein). It does not yet exist any experimental observation of the emission of radiation by dynamical Casimir effect, due to the very low rate of photon emission, but a promising experiment is currently in progress in which the mechanical movement is replaced by the periodical modulation of the optical properties of one of the surfaces involved [17] [18] [19] . On the other hand, the expression dynamical Casimir-Polder force is also used in the discussion of the time dependence of the force if the system undergoes a unitary evolution starting from a nonequilibrium quantum state [20, 21] . For example, in [20] the authors studied the time evolution of the force between two neutral atoms starting from a partially dressed state of the system. Such a state is an intermediate configuration between the bare ground state of the system, which is given by the tensor product of the atomic ground state and the vacuum field state, and the physical, completely dressed, ground state of the composite system. Although the papers [22, 23] deal with the physical configuration we are interested in, that is a neutral atom in front of a conducting wall, the evolution is there studied starting from the bare ground state of the system, which is an idealized configuration hardly achievable in the laboratory.
In this paper we consider the evolution in time of the force between an atom and a perfectly conducting infinite plate starting from a partially dressed state, which is a much more realistic physical situation. To this aim, we are going to exploit, in analogy with [22] , the method introduced by Power and Thirunamachandran [24] for atoms in free space. It consists in solving the Heisenberg equations of the atomic and field operators in the Heisenberg picture by performing a series expansion with respect to the coupling constant (the electric charge) and then iteratively finding the solution (see [24] or [21] for more details). Then the time-dependent atom-wall Casimir-Polder energy is obtained for a specific model of a partially dressed atom, obtained by a rapid change of the atomic transition frequency due to an external action on the atom such as an external electric field [20, 25] . Finally, we discuss experimental realizability of the model considered and possibility of observing the dynamical effects predicted by our results. This paper is organized as follows. In Section II we introduce the multipolar coupling scheme for a two-level atom interacting with the radiation field in the electric dipole approximation and in the presence of a conducting wall. Then we solve the Heisenberg equations for the photon creation and annihilation operators up to the first order in the electric charge, using an iterative technique, in order to obtain the Heisenberg operator giving the time-dependent atom-wall interaction energy. The solutions so obtained are valid for any initial state of the system. In Section III we discuss our choice of the initial state of the system, that is a partially dressed atomic state, and evaluate the time-dependent atom-wall interaction energy. Finally, in Sec. IV we discuss in more detail our physical model, its experimental realizability and the possible observation of the predicted dynamical Casimir-Polder interaction.
II. THE HAMILTONIAN MODEL
We consider a two-level atom interacting with the electromagnetic radiation field in the presence of an infinite and perfectly conducting wall. We let the mirror coincide with the plane z = 0 and we place the atom on its right side: the atomic position vector is thus r A ≡ (0, 0, d), with d > 0. We work in the multipolar coupling scheme and within the electric dipole approximation (see e.g. [26, 27] ). Thus the Hamiltonian describing our system reads
In this expression the radiation field is described by the set of bosonic annihilation and creation operators a kj and a † kj , associated with a photon of frequency ω k = ck, while the matrix element of the electric dipole moment operator µ and the pseudospin operators S + , S − and S z are associated to the atom, which has a transition fre- 
where
. . ) andê kj are polarization unit vectors. In order to switch from the cavity to the wall at z = 0, at the end of the calculations one has to take the limit L → ∞.
We are going to obtain all the information about the time evolution of the atom-wall force by solving the Heisenberg equations of all the atomic and field operators involved in our system. As anticipated before, since it is not possible to solve exactly these equations for our model, we shall use an iterative technique. As a starting point we write the operators as a power series in the coupling constant, that as an example for the annihilation operator takes the form
where the contribution a kj (t) is proportional to the i-th power of the electric charge. For our purposes we need the expressions of both field and atomic operators up to the the first order only. The result is already reported in [22] and it has the form
where we have introduced the auxiliary function
All operators appearing in the RHS of Eq. (4) without explicit time dependence are evaluated at t = 0, and thus coincide with their counterpart in the Schrödinger picture. While the zeroth-order terms correspond to the absence of interaction and then to the free evolution given by H 0 , the first-order terms couple the atomic and field operators. We wish to stress here the main advantage of solving the Heisenberg equations for the operators involved in the system: since in the Heisenberg picture only the operators evolve in time whilst the quantum state of the system remains constant, when calculating the time evolution of any average value the choice of the initial state can be performed just as a final step.
III. CHOICE OF THE INITIAL STATE AND INTERACTION ENERGY
Our aim is to calculate the time-dependent atom-wall interaction energy, in particular for a partially dressed initial state. Using the same method as in [22] , valid in a quasi-static approach at the second order, we shall calculate this quantity by taking half of the average value on the initial state of the interaction Hamiltonian H 
where |ψ(0) is the initial state of the atom-field system. The explicit expression of H I (t) up to the second order is easily deduced from (1) and (4) (only atomic and field operators up to the first order are necessary), and it is given by
Now we must choose a specific initial quantum state to be used in (6) . In [22] the bare ground state was considered as initial state. This state is the eigenstate of H 0 having minimum energy: it accounts to a switching off of the interaction between atom and field and thus, although being a useful idealization, it is difficult to imagine an experimental scheme for generating such a state (but it can give important hints on the behaviour of more realistic systems). On the contrary, the completely dressed ground state of H can be obtained by using stationary perturbation theory, and its expression up to the first order is given by
written as a sum of the bare ground state |0 and a sum of one-photon states gathered in |1 . Up to the first order in the coupling constant, the state (8) does not undergo any time evolution. This expression clearly depends on the atomic transition frequency ck 0 . This consideration is the basis of our proposal for the preparation of a partially-dressed state: we assume our atom initially to have a transition frequency ω ′ 0 and to be in its completely dressed ground state (given by (8) with k ′ 0 in place of k 0 ), and then to produce at t = 0 an abrupt change of its transition frequency from ω ′ 0 to a new frequency ω 0 . In the next Section we shall discuss in more detail how this rapid change of the atom's transition frequency could be obtained. From the physical point of view, our hypothesis is that this change is so rapid that the quantum state immediately after t = 0 remains the same as before. Thus this state will be taken as initial state of the unitary evolution for t > 0, given by the Hamiltonian (1) with ω 0 as the value of the atom's transition frequency; this state is subjected to a time evolution because it is not an eigenstate of the new Hamiltonian at t > 0, which is that for an atom with the new transition frequency ω 0 . A partially dressed state is so obtained [20, 25] .
We can now calculate three different average values of the interaction energy. The first is obtained starting from the completely dressed state of the system, given by (8) : this state is a stationary state, and then we simply recover the well known result for the static atom-wall force. If, on the contrary, we consider the evolution from the bare ground state |0 ↓ , we indeed observe a time evolution of the atom-wall force, as obtained in [22] . Finally, we can choose as initial state |ψ(0) the dressed state (8) with a different transition frequency ω ′ 0 , and also in this case a time evolution is expected. In all the three cases, the evolution is based on the Hamiltonian (1), according to which the atom has, for t > 0, a transition frequency ω 0 (while the transition frequency is ω ′ 0 for t < 0) . The results obtained in all three different cases can be cast in the following compact form
where a = ct/(2d),
The three interaction energies ∆E
b (d, t) and ∆E (2) p (d, t) in (9) are, respectively, for the fully dressed state, the bare state, and the partially dressed state cases. The second and third interaction energies reduce, as expected, to the first one for large values of a (that is of t). Moreover, the third one coincides with the static expression for k ′ 0 = k 0 , since in this case the initial state is the dressed ground state and then we do not expect any time evolution.
The integrals appearing in Eq. (9) can be calculated analytically and expressed in terms of the sine and cosine integral functions Si(x) and Ci(x) [29] . The first and the third integrals yield respectively
where l = −1 for a < 1 (t < 2d/c) and l = 1 for a > 1 (t > 2d/c). The integral in the second line of Eq. (9) can be obtained by just taking k ′ 0 = k 0 in the second integral of Eq. (11) . Applying the differential operator (10) and finally taking m = 1, we get the analytic expression of the interaction energy, from which the atom-wall Casimir-Polder force can be obtained as the opposite of the derivative with respect to the distance d. These expressions are lengthy and not particularly enlightening from a physical point of view and thus will be not reported here explicitly.
One main point of this paper is the comparison between the time evolution of the force for the cases of an initial partially dressed state and an initial bare ground state, the latter already obtained in [22] . In Figs. 1 and  2 we give the plots of the time evolution of the force for a bare ground state from [22] (dashed blue lines) and for a partially dressed state as obtained from ∆E (2) p (d, t) in the third line of (9) (solid red lines). In both plots we take units such that c = 1, and also k 0 = 1 and k ′ 0 = 2; the atom is placed at a position such that k 0 d = 10. The difference between the values used for k 0 and k ′ 0 is quite large, and it has be chosen in such a way just for the convenience of making more evident the qualitative different features obtained in the two cases considered. Fig.  1 refers to the region a < 1, that is before a light signal leaving the atom at t = 0 reaches to the wall and comes back, while Fig. 2 is for a > 1 . On the light cone instead (a = 1) the force diverges: the physical meaning of this divergence, related to the well-known divergences of source fields and to the dipole approximation, has been already discussed in [22] . A first difference between the two cases (i.e. bare initial state and partially dressed initial state) is that the initial (t = 0) value of the interaction energy for a partially dressed state is not zero. This happens because, when the system is in a partially dressed state at t = 0, atom and field already see each other. It is interesting to analyze the time evolution towards the asymptotic regime (i.e. for a > 1). We see, as expected, that the choice of a partially dressed initial state leads faster to the asymptotic value of the force, exhibiting nevertheless a similar oscillatory behavior around the asymptotic value. It is worth stressing that the asymptotic value of the force, when the atom becomes fully dressed, is the same in the two cases. This supports the hypothesis that in many aspects the dynamics towards the fully dressed state is indeed an irreversible process, with an equilibrium state independent from the initial state [30] . The fact that different initial states, in general having different energies, lead for large times to the same atom-wall potential energy is not in contradiction with the energy-conserving unitary evolution of our system. The reason is that during the dynamical self-dressing of the atom, a spike of radiation propagates on the light cone from the atom and asymptotically in time it carries away part of the energy of the system to an infinite distance from the atom (see [20, 31] for more detail). This energy is different for the cases considered (initially bare and partially dressed states), but it does not affect the large-time atom-wall interaction energy which is related to the field fluctuations at the atomic position; the latter at large times occurs to be the same in the cases considered.
An important point is that, similarly to what found in [22] in the idealized case of an initial bare state, also in the more realistic case of an initial partially dressed atom, the force shows oscillations in time with negative (attractive) and positive (repulsive) values. This oscillation of the dynamical Casimir-Polder between an attractive and a repulsive character, in the case of the partially dressed atom can in principle be observed in the laboratory.
It is also significant to consider the evolution in time of the relative difference between the dynamical force we computed and its static value for t → +∞. We are thus going to consider the quantity
with the same notations of Eq. (9). Fig. 3 represents a plot of ∆F (d, t)/F (d) with the same parameters as in Figs. 1 and 2. As expected, this relative force difference oscillates in time and approaches zero for t → +∞.
In the next Section we shall discuss the orders of magnitude of the physical parameters involved in the problem, as well as observability of this new effect, that is the time-dependent atom-wall Casimir-Polder force and its oscillatory behavior from an attractive to a repulsive character. 
IV. DISCUSSION ON THE RESULTS
An essential point of our proposal outlined in the previous Section for generating an atomic partially dressed state is to produce an abrupt change of the atom's transition frequency from ω ′ 0 to ω 0 . In the present Section we shall propose a possible method to realize this change and discuss the order of magnitude of the relevant parameters involved. A possible technique to produce a change of the atomic frequency is to place the atom at t = 0 in a uniform electric field of amplitude E 0 , as first suggested in [20, 25] . In this case, assuming that the old (t < 0) free Hamiltonian of the system is
the new (t > 0) Hamiltonian is
where the difference between the new and the old frequency is related to the amplitude E 0 of the electric field. We now address the problem of the timescale of the switching on of the electric field, and in particular if it is compatible with our hypothesis that the quantum state of the system remains unchanged immediately after this process. A reliable estimate of a typical atomic evolution time is its inverse transition frequency τ = ω −1 0 . Thus our non-adiabatic hypothesis becomes reasonable if the time necessary to switch on the electric field is small compared to ω −1 0 . Nevertheless, taking for example the case of an hydrogen atom in its ground state, we have τ = ω −1 0 ≃ 10 −15 s which seems to be a quite short time to drive the electric field from zero to a value of E 0 sufficiently high to make appreciable our dynamical effects. This difficulty in the experimental realization of the model discussed in this paper, and the consequent observation of the dynamical Casimir-Polder force, could be overcome by considering a Rydberg atom, which can typically have a transition frequency of some GHz. In this case, switching on an electric field in times shorter than τ ∼ 10 −9 s should not be an impossible task (see [32] ) and our assumptions should be valid. Our assumption of a stable atomic ground state should be also valid with a very good approximation in this case because Rydberg states can be long-lived atomic states. An alternative method to generate a partially dressed atomic state could be a rapid change of some other physical parameter of the atom significantly affecting its interaction with the radiation field, for example its refractive index. This could be obtained by an optical control such that obtained in [33] .
V. CONCLUSIONS
We have considered the dynamical atom-wall CasimirPolder force in a quasi-static approach for an initially partially dressed atom, and compared in detail the results obtained with the case of an initially bare state. A model for realizing the partially dressed atom, as well its limits, has been discussed. The time evolution of the atomwall force has been calculated, and we have shown that it exhibits oscillations in time yielding to a oscillatory change of the Casimir-Polder force from an attractive to a repulsive character, and that asymptotically in time it settles to the value obtained in the stationary case. Possibility of experimental verification of our results has been also discussed.
